ADDITIVITY OF MAPS ON TRIANGULAR ALGEBRAS 



XUEHAN CHENG AND WU JING 

Abstract. We prove that every multiplicative bijective map, Jordan bijective map 
and Jordan triple bijective map from a triangular algebra onto any ring is automat- 
ically additive. 



1. Introduction 

If a ring TZ contains a nontrivial idempotent, it is kind of surprise that every 
multiplicative bijective map from TZ onto an arbitrary ring is automatically additive. 
This result was given by Martindale III in his excellent paper [9j. More precisely, he 
proved: 

Theorem 1.1. ([9\) Let TZ he a ring containing a family {e^ : a G A} 0/ idempotents 
which satisfies: 

(i) xlZ = {0} implies x = 0; 

(a) If CaTZx = {0} for each a G A, then x = (and hence TZx = {0} implies 
x = 0); 

(Hi) For each a G A, CaXealZ^l — Ca) = {0} implies CaXCa = 0. 

Then any multiplicative bijective map from TZ onto an arbitrary ring TZ' is additive. 

Note that the proof of [9] has become a standard argument and been applied 
widely by several authors in investigating the additivity of maps on rings as well 
as on operator algebras (see [2]- [8]). Following this standard argument (see [9]), in 
this paper we continue to study the additivity of map on triangular algebras. We 
will show that every multiplicative bijective map, Jordan bijective map, and Jordan 
triple bijective map from a triangular algebra onto an arbitrary ring is additive. The 
advantage of triangular algebra is that its special structure enables us to borrow the 
idea from [5] while we do not require the existence of nontrivial idempotents. 

We now introduce some definitions and results. 
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Definition 1.2. Let TZ and TZ' be two rings, and be a map from TZ to TZ'. Suppose 
that a, b, and c are arbitrary elements of TZ. 
(j) is said to be multiplicative if 

(j){ab) = (j){a)(j){b). 

is called a Jordan map if 

(t>{ab + ba) = (j){a)(p{b) + (j){b)(f){a). 

Finally, (p is called a Jordan triple map if 

(j){abc + cba) = (f){a)(f){b)(f){c) + (f){c)(f){b)(l){a). 

Note that no additivity is required in this definition. 

Recall that a triangular algebra Tri{A,M.,B) is an algebra of the form 

Tri{A, M,B) = {(^'^ :aeA,meM,beB} 

under the usual matrix operations, where A and B are two algebras over a commu- 
tative ring TZ, and Ai is an {A, i3)-bimodule which is faithful as a left v4-module and 
also as a right i3-module (see [1]). 
Throughout this paper, we set 

^11 = {(^ ) • « ^ 

and 

Then we may write T = Tu © T12 © T22, and every element a G T can be written as 
a = ail + O12 + 022- Note that notation aij denotes an arbitrary element of T^j. 

Let X be a Banach space. We denote by B{X) the algebra of all bounded linear 
operators on X. A subalgebra A of B{X) is called a standard operator algebra if A 
contains all finite rank operator. Note that if A E A and AA = {0} (or AA = {0}), 
then A = 0. 

2. Multiplicative Maps on Triangular Algebras 

In this section we study the additivity of multiplicative map on triangular algebras. 
We now state our first main result. 
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Theorem 2.1. Let A andB be two algebras over a commutative ring TZ, Ai a faithful 
{A. B)-himodule, and T be the triangular algebra Tri{A,Ai,B). Suppose that algebras 

A and B satisfy: 

(i) If aA = {0}, or Aa = {0}, then a = 0; 
(it) If bB = {0}, or Bb = {0}, then 6 = 0. 

Then any multiplicative bijective map from T onto an arbitrary ring TZ' is additive. 

The proof of this theorem is organized into a series of lemmas. In what follows, 
will be a multiplicative bijective map from T onto an arbitrary ring TZ'. 

Lemma 2.2. 0(0) = 0. 

Proof. Since (f) is surjective, there exists a & T such that 0(a) = 0. Then 0(0) = 
0(0 • a) = 0(O)0(a) = 0(0) -0 = 0. □ 

Lemma 2.3. For any an e Tu and bu G T12, we have 

0(aii + 612) = 0(aii) + 0(612). 

Proof. Let c G T be chosen such that 0(c) = 0(aii) + 0(612)- 
For arbitrary tu G Tu, we consider 

0(ciii) = 0(c)0(tii) = (0(aii) +0(6i2))0(tii) 

= 0(aii)0(tii) + 0(612)0(^11) = 0(aiitii). 

Hence, ctu — oii^ii, and so cn = au- 
Similarly, we can get C22 = 0. 

We now show that C12 = 612. For any tu £ Tii and S22 G T22, we obtain 

0(tllCS22) = 0(ill)0(c)0(s22) 

= 0(tll) (0(aii + 0(6i2))0(s22) 
= 0(tll6i2S22). 

It follows that tiiCS22 = ^11612^22, which give us that C12 = 612. □ 

Similarly, we have the following lemma. 
Lemma 2.4. For arbitrary 022 £ '^22 and 612 G Tu, the following holds true. 

0(a22 + 612) = 0(022) + '?!>(6i2)- 
Lemma 2.5. For any au £ Tli, 612,012 G 7i2, and (^22 £ '^22, we have 

0(ail6l2 + 012(^22) = 0(011612) + 0(Ci2(i22)- 
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Proof. By Lemma 12.31 and Lemma \2A\ we have 



</>(aii&i2 + £12(^22) 

= 0(aii + Ci2)(6l2 + <^22) 
= 0(aii + Ci2)0(bl2 + d22) 

= {(f){au) + (j){ci2)){(p{bi2) + (f){d22)) 

= (I){aii)(l){bi2) + (/>(aii)0(d22) + 4>{ci2)(f){bi2) + 0(ci2)0((i22) 

= 0(011612) + (;/)(ci2(i22)- 



Lemma 2.6. (f) is additive on T12. 

Proof. Suppose that 012 and 612 are two elements of T. We pick c & T such that 
(j){c) = 0(012) + 0(612)- For ant tu G Tii and S22 G %2, we compute 

<P{tuCS22) = 0(tll)0(c)0(s22) 



Note that in the last equality we apply Lemma [2751 It follows that tiics22 = ^iiOi2'S22+ 
^ii6i2S22, and so C12 = 012 + 612- 

We can get cn = C22 = by considering 0(ctii) and 0(t22c) for arbitrary tu E Tu 



Lemma 2.7. is additive on Tu. 

Proof. Let an, bu G Tu, and c E T such that 0(c) = 0(aii + 0(6ii). We only show 
that Cii = au + bu- One can easily get C22 = C12 = by considering 0(t22c) and 
0(tiiCS22) for any tu G Tu and t22, ^22 e T22. 
For ant ti2 G T12, using Lemma [521 we get 



□ 



0(tll)(0(ai2 + 0(6l2))0(s22) 
0(tll)0(ai2)0(s22) + 0(^11)0(612)0(522) 
0(ill«12S22 + ^11612522)- 



and ^22 G T22 respectively. 



□ 



0(cti2) = 0(c)0(ti2) 

(0(aii + 0(6ii))0(ti2) 

0(^11^12) + 0(6lltl2) 

0(^11^12) + 0(611^12), 



which leads to cti2 = aiiti2 + 611^12. Accordingly, cn = an + 611. 



□ 



Proof of Theorem I2.lt Suppose that a and 6 are two arbitrary elements of T. 
We choose an element c E T satisfying 0(c) = 0(a) + 0(6). For any tu E Tu and 
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S22 £ %.2, we obtain 



0(illCS22) 



0(ill)0(c)0(s22) 

0(tn)(</'(a) + 0(6))0(s22) 
0(^11)0(0)0(522) + 0(^11)0(^)0(522) 

0(^110*22) + 0(^ll^'S22) 
0(iliaS22 +ill&S22)- 



Consequently, C12 = 012 + 612- 

Since is additive on Tii, we can get cn = on + bu from 0(ciii) = (j){ati\) + 
0(6tii) = 0(afii + Uii). 

In the similar manner, one can get C22 = ^22 + ^22- The proof is complete. 

If algebras A and B contain identities, then we have the following result. 

Corollary 2.8. Let A and B he two unital algebras over a commutative ring TZ, M. 
a faithful {A, B)-bimodule, andT be the triangular algebra Tri{A,A4,B). Then any 
multiplicative bijective map from TZ onto an arbitrary ring TZ' is additive. 

We end this section with the case when A and B are standard operator algebras. 

Corollary 2.9. Let A and B be two standard operator algebras over a Banach space 
X, A4 a faithful {A, B)-bimodule, and T be the triangular algebra Tri{A,Ai,B). 
Then any multiplicative bijective map from TZ onto an arbitrary ring TZ' is additive. 



In this section we deal with Jordan maps on triangular algebras. 

Throughout this section, T = Tri{A, A4, B) will be a triangular algebra, where A, 
B are two algebras over a commutative ring TZ and is a faithful (.4, B)-bimodule 
satisfying 

(i) If a e ^ and ax + xa = for all x & A, then a = 0; 

(ii) UbeB andby + yb^O for all y e B, then 6 = 0. 

Map is a Jordan bijective map from T onto an arbitrary ring TZ'. 
We begin with the following lemma. 

Lemma 3.1. 0(0) = 

Proof Pick a e r such that 0(a) = 0. Then 0(0) = 0(a • + • a) = 0(a)0(O) + 



Lemma 3.2. Suppose that a,b,c e T satisfying 0(c) = 0(a) + 0(6), then for any 
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0(O)0(a) = 0. 



□ 



teT 



<P{tc + Ct) = 0(t)0(c) + 0(c)0(t). 



Proof. Multiplying 0(c) = 0(a) + 0(6) by 0(t) from the left and the right respectively 
and adding them together, one can easily get 0(tc + ct) = (j){t)4>{c) + (j){c)(j){t). □ 
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Lemma 3.3. For any an G Tn and bi2 G T12, we have 

0(aii + 612) = 0(aii) + 0(612). 

Proof. Let c G T be chosen such that 0(c) = 0(aii) + 0(612)- Now for any t22 G 722, 
by Lemma 13.21 we have 

0(t22C + 0^22) = 0(^22011 + 011^22) + 0(^22612 + 6i2t22) = 0(^12^22). 

It follows that t22C + ct22 = 612^22, i.e., t22C22 + £12^22 + £22^22 = ^12^22. This implies 
that 012^22 = 612^22 and t22C22 + £22^22 = 0, and so C12 = 612 and C22 = 0. 
From 

0(ti2C + cti2) = 0(ti2aii + aiiti2) + 0(^12612 + 612^12) = 0(aii^i2), 
one can get Cn = an. □ 
Similarly, we have 

Lemma 3.4. For arbitrary G %_2 o-nd 622 ^ T22, the following is true. 

0(ai2 + 622) = 0(012) + 0(622). 

Lemma 3.5. 

0(cni6i2 + Ci2(i22) = 0(aii6i2) + 0(012^22) 
holds true for any an G Tu, 612, C12 G T12, and ^22 € 7^2- 

Proof. By Lemma 13.31 and Lemma 13. 4[ we compute 

0(ail6i2 + Ci2(i22) 

= 0((aii + Ci2)(6i2 + (^22) + (612 + d22){au + C12)) 

= 0(aii + Ci2)0(6i2 + d22) + 0(612 + (^22)0(011 + C12) 

= (0(aii) + 0(ci2))(0(6i2) + 0(^22)) + (0(612) + 0(42))(0(aii) + 0(Cl2)) 

= 0(ail6l2 + 6i2aii) + 0(011^22 + ^22^11) + 0(Cl26l2 + 612C12) + 0(012^22 + C?22Cl2) 
= 0(ail6l2) + 0(Cl2(i22). 

□ 

Lemma 3.6. is additive on T12. 

Proof. Let ai2 and 612 be any two elements of T12. Since is surjective, there exists 
a c G T such that 0(c) = 0(ai2) + 0(612). 

Now for any ^22 £ 7^2, by Lemma IX^ we obtain 

0(t22C + 0^22) = 0(^22012 + 012^22) + 0(^22612 + 612^22) = 0(^12^22) + 0(612^22). 
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Again, using Lemma [3.21 for any su G Tn, we have 

4>{Su{t22C + Ct22) + {t22C+ Ct22)Su) 
= </>(Sliai2^22 + ai2^22Sll) + 0(Sii6i2t22 + bi2t22Su) 
= 0(511012^22) + (l>{Subi2t22) 
= 4>{Suai2t22 + Subi2t22). 

In the last equahty we apply Lemma 13.51 It follows that 

■SllCi2t22 = ■§11012^22 + ■Sllfel2t22- 

This gives us C12 = 012 + &i2- 

To show cii = 0, we first consider 0(tiic + ctu) for any tu G Tu. We have 

(j)(tiic + ctii) = 0(tiiai2 + 012^11) + 0(^11^12 + ^12^11) = 4>(tnai2) + 0(tii6i2). 
Furthermore, for arbitrary S12 G 7^2 5 

4>{si2(tnC+Ctn) + (tnC+Ctu)Si2) = 0(Sl2tliai2+^liai2Sl2)+0(Sl2tll6l2+tll&12Sl2) = 0. 

This implies that tiiCiiSi2 + ciitiiSi2 = 0, and so cn = 0. 

Note that 0(ti2C + ct^) = (pit^au + a^tu) + 0(ti2&i2 + ^12^12) = 0. Now, C22 = 
follows easily. □ 

Lemma 3.7. (p is additive on Tu. 

Proof. Suppose that an and bu are two arbitrary elements of Tu. Let c G T be an 
element of T such that 0(c) = 0(aii) + 0(&ii). 
For any ^22 G 7^2, we get 

0(t22C + 0^22) = 0(^22^11 + «11^22) + 0(^12^11 + f'11^22) = 0. 

Therefore, t22C + 0^22 = 0, which leads to cu = C22 = 0. 
Similarly, we can get Cn = an + bn from 

(pituc + ctu) = (pituan + antu) + 4>(ti2bu + butu) 

= 0(011^12) + 0(^11^12) = 0(^11^12 + bntu)- 

□ 

Lemma 3.8. is additive on T22. 

Proof. For any a22,&22 ^ ^22, by the surjectivity of 0, there is c G T satisfying 

0(c) = 0(022) + 0(&22)- 

We only show C12 = 0. One can easily derive Cn = and C22 = ^22 + ^22 by 
considering (pituC + ctu) and 0(ti2C + cti2) for any tu G Tu and ti2 ^ T12 respectively. 
To show C12 = 0. We first consider 0(t22C + ct22) for arbitrary ^22 ^ 7^2- We obtain 

0(t22C + Ct22) = 0(^22022 + ^22^22) + 0(^22&22 + &22^22)- 
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For any Su, using Lemma [3. 2 [ we get 

0(Sll(t22C + Ct22) + (t22C + Ct22)Sn) 
= 0(511(^22022 + 022^22) + (^22^22 + 022^22)511) 
+ 0(Sll(^22^22 + ^22^22) + (^22^22 + ^22^22)511) 

= 0. 

Now, C12 = follows obviously. □ 

Lemma 3.9. For each an G Tn and ^22 G 722, we have 

(p{au + &22) = 0(aii) + 0(&22)- 

Proof. Since (j) is surjective, we can pick c E T such that (j){c) = 0(aii) + 0(^22) • 

Considering (^{tnc + ctn) and 0(t22C + £^22) for arbitrary tn G Tli and ^22 G ^22, 
one can infer that Cn = an, C12 = 0, and C22 = ^'22- n 

Lemma 3.10. For any an G Tli, ^12 G Tl2, anc? C22 G ^22, 

(piau + &12 + C22) = 0(aii) + 0(612) + 0(c22)- 

Proof. Let ff G T be chosen such that (j){d) = 0(aii) + 0(612) + 0(c22)- On one side, 
by Lemma 13.31 we have 

(j){d) = 0(aii + 612) + 0(c22)- 
Now for any tu G Tn, we obtain 
0(tii(i + dtn) 

= 0(iii(aii + 612) + (an + ^12)^11) + 0(^iiC22 + £22^11) 
= 0(tiiaii + tii6i2 + aiitii), 

which gives us 

^iic^ii + tndi2 + c^ii^ii = ^iictii + ^11^12 + c^ii^ii- 

Hence, dn = clii and du = 612- 

On the other side, by Lemma 13.91 we see that 

(j){d) = 0(aii + C22) + 0(612)- 

For any ti2 G T12, we have 

0(ti2(i + dti2) 

= 0(^12(^11 + C22) + (an + 022)^12) + 0(ti2C22 + £22^12) 

= 0(tl2C22 + 011^12). 

We can infer ^22 = C22 from the fact that ti2d + dti2 = ti2C22 + ^11^12- D 
We are in a position to prove the main result of this section. 
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Theorem 3.11. Let T — Tri{A,M.,B) be a triangular algebra, where A, B are two 
algebras over a commutative ring TZ and A4 is a faithful {A, B)-bimodule. Suppose 
that A and B satisfy 

(i) If a & A and ax + xa = Q for all x & A, then a = 0; 

(a) If b & B and by + yb = for all y & B, then 6 = 0. 

Let (f) be a Jordan map from T to an arbitrary ring TZ', i.e., for any s,t & T, 

(t){st + ts) = (t){s)(t){t) + (t>{t)(l){s). 
If (f) is bijective, then (p is additive. 

Proof. For arbitrary s and t in T. We write s = sn + Si2 + S22 and t = tn + tu + ^22- 
We compute 

0(S + t) 

= (f>{isu + Si2 + S22) + {tu + tl2 + ^22)) 

= (f>{{Su + tn) + (Si2 + ti2) + {S22 + t22)) 

= + til) + (i>{si2 + ^12) + 0(S22 + ^22) 

= 0(Sll) + 0(^ll) + ^{Sl2) + (t){tl2) + (t>{s22) + 0(^22) 

= {^{Sii + (/.(S12) + 0(S22)) + {4>tll + 0(^12) + (t>{t22)) 

= (i>{s) + (i>{t). 

The proof is complete. □ 

4. Jordan Triple Maps on Triangular Algebras 

The aim of this section is to investigate the additivity of Jordan triple maps on 
triangular algebras. We shall show that every Jordan triple bijective map from a 
triangular algebra onto any ring is automatically additive. We only give the outline 
of the proof as it is a modification of the proof of the related results of section 2. 

Theorem 4.1. Let A and B be two algebras over a commutative ring TZ, M. be a 
faithful {A, B)-himodule, and T be the triangular algebra Tri^A., A4,B). Suppose that 
algebras A and B satisfy: 

(i) IfaA = {0}, or Aa = {0}, then a = 0; 

(a) IfbB = {0}, or Bb = {0}, then 6 = 0. 

Let be a Jordan triple map from T to an arbitrary ring TZ', i.e., for any r,s,t & T, 
il^{rst + tsr) — il^{r)il^{s)ip{t) + il^{t)il^{s)ip{r). 
If tl) is bijective, then -0 is additive. 

Proof. We divide the proof into a series of claims. 
Claim 1: ^/;(0) = 0. 

We find a e T such that ij{a) = 0. Then V'(O) = -0(0 • a • 0) + -0(0 • a • 0) = 
^(0)^(a)^(0) + V'(0)V^(a)V^(0) = 0. 
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Claim 2: If ip{c) = ?/'(a) + tp^b), then 

ip{tsc + est) = ■ip{t)ip{s)'i/j{c) 

holds true for all s, t G T. 

One can get this easily by modifying the proof of Lemma 13.21 
Claim 3: + ^12) = i>iaii) + '^{^12) and -0(012 + ^22) = '0(«i2) + i>{h22)- 

We omit the proof as it is similar to the proof of Lemma 13.31 and Lemma 

m 

Claim 4: ^(tnan^ia + ^11012^22) = ^'(^11011^12) + V^(^iiCi2C?22)- 
We compute 

il){tiiaiihi2 + tiici2(i22) 

= + Cl2)(f'l2 + ^22) + (fel2 + ^22) (an + Ci2)tll) 

= V(^ll)^(«ll + Ci2)i){hi2 + ^22) + V^(&12 + C?22)^(ail + £12)^^(^11) 

= V^(tll)(^(aii) + ^(Ci2))(V'(&12) + ij{d22)) 

+ (V'(&i2) + ^{d22)){'4^{aii) + ^(ci2))V'(iii) 
= i){tiiaiibi2 + fei2aiiiii) + V'(^iiaii'^22 + 42011^11) 

+^(tllCi26l2 + &12Cl2ill) + V^(tllCl2rf22 + C?22Cl2ill) 
= ij{tiiaiihi2) + ^/'(tllCi2rf22)- 

Claim 5: ip is additive on Tl2,'7ii, and 722. 

It follows similarly by modifying the proof of Lemma 13. 6[ Lemma 13.71 and 
Lemma [3. 8[ and using Claim 2, Claim 3, and Claim 4. 
Claim 6: ■?/'(aii + 622) = '?/'(aii) + '0(&22)- 

See the proof Lemma 13.91 
Claim 7: V(«ii + &12 + C22) =jp{aii) + ^^(^12) + 0X^22)- 

See the proof of Lemma 13.101 
Claim 8: ip is additive. 

The same as the proof of Theorem 13.111 

□ 

The following corollary follows directly if both A and B are unital. 

Corollary 4.2. Let A and B he two unital algebras over a commutative ring TZ, M. 
he a faithful {A,B)-bimodule, and T he the triangular algehra Tri{A,Ai, B). Suppose 
that i/j is a Jordan triple map from T to an arbitrary ring TZ' . If ip is bijective, then 
ip is additive. 

Similar to Corollary 12.91 if both A and B are standard operator algebras, we have 

Corollary 4.3. Let A and B be two standard operator algebras over a Banach space 
X , Ai a faithful {A, B)-bimodule, and T be the triangular algebra Tri{A, Ai, B) . 
Then any Jordan triple bijective map from TZ onto an arbitrary ring TZ' is additive. 
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